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Abstract 

We discuss smooth nonlinear control systems with symmetry. For a free and 
proper action of the symmetry group, the reduction of symmetry gives rise to a 
reduced smooth nonlinear control system. If the action of the symmetry group 
is only proper, the reduced nonlinear control system need not be smooth. 

Using the smooth calculus on nonsmooth spaces, provided by the theory of 
differential spaces of Sikorski, we prove a generalization of Sussmann's theorem 
on orbits of families of smooth vector fields. 
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1 Introduction 

Geometric control theory is formulated in terms of smooth manifolds in order to be 
able to use smooth calculus in the analysis of the system. The bundle picture of 
nonlinear control was introduced by Brockett, [H], because the local nonlinear control 
system dynamics on a manifold M, given by 

x = <p(x, u), 

where if : M x U — > TM, was not an adequate description in the case where the 
inputs depend on the states or the time histories of the states. 

The role of symmetries was discussed by van der Schaft, [TJ], and Grizzle and 
Marcus, [TT] . see also [H] and references quoted there. If the action of the symmetry 
group G of the phase space M of the system is free and proper, and the control vector 
fields are G-invariant, then the reduction of symmetry gives rise to a control system 



on the space M = M/G of orbits of G on M. The assumption that the action of 
G on M is free and proper implies that M is a quotient manifold of M. This is the 
setting for a discussion of symmetries in most of the papers mentioned above. 

If the action of G on M is not free, then the orbit space M = M/G may have 
singularities. In the case of a proper action the orbit space is a stratified space, [10J. 
The reduction of a proper action of a symmetry group of a Hamiltonian system has 
been a subject of investigation for several years. A convenient tool to study reduced 
spaces, which are not manifolds, is the theory of differential spaces of Sikorski, [21]. It 
was first used implicitly by Sjamaar and Lerman, [2lj. A differential space formulation 
of singular reduction is given in [H] for unconstrained Hamiltonian systems, and in 
[25J for nonholonomically constrained Hamiltonian system. 

The aim of this paper is to discuss reduction of symmetries of nonlinear control 
systems, and to show how the calculus on differential spaces enables us to get results 
in a non-smooth setting. For a free and proper action of the symmetry group, the 
reduction reproduces the bundle formulation. If the action of the symmetry group 
is only proper, we get a differential space analogue of the bundle formulation of 
Brockett. Nevertheless, we are able to prove a generalization of Sussmann's Theorem 
on orbits of families of local vector fields, [30J. 

In Section 2, we describe the bundle formulation for smooth nonlinear control 
systems, and their symmetries. Section 3 is devoted to a discussion of symmetry 
reduction. A generalization of Sussmann's Theorem is proved in Section 4. Section 
5 contains concluding remarks. A review of techniques of differential space theory is 
given in Section 6 

2 Nonlinear Control Systems with Symmetry 

A smooth nonlinear control system is defined to be a quadruple (B, M, tt, tp) such 
that 

(i) (B, M, tt) is a fibre bundle with total space B, base space M and projection 

tt : B -> M, and 

(ii) <f : B — > TM is a bundle morphism such that, for each x G M and each 

beB x = ti-\x), ip{b) e T X M. 

The assumption that (B, M, tt) is a fibre bundle implies that there exists a family 
T(M,B) of smooth local sections a of tt : B — > M such that M is covered by the 
domains of o G F(M,B). For each a G T(M,B), the composition X = ip°a is a 
control vector field on M. In this way we obtain a family D 

V = {X = | a G T(M, B)} (1) 

of locally defined vector fields on M such that M is covered by the domains of 
X G T>. By choosing T(M,B) we have effectively reduced the non-linear control 
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system (B, M, n, if) to a piecewise linear system given by the family V of local vector 
fields on M. 

An example of a control problem on M is the analysis of the structure of accessible 
sets of a family V. For each X G T>, we denote by exp(tX) the local one-parameter 
local group of diffeomorphisms of M generated by X. For every x G M, the accessible 
set of V through x is 

N x = {exp(t n X n )°..°exp(t 1 X 1 ) \ n G N, ti, G R, X 1? ...,X n G £>}. (2) 

It has been shown by Sussmann that N x is a manifold immersed in M, [30] • The 
family of accessible sets of V defines on M the structure of a smooth foliation with 
singularities, [29|. 

Let G be a Lie group with Lie algebra g, and let 

e:GxB^B:(g,u)^ Q(g,u) = G g {u) = gu, 

and 

$:GxM^M:(g,x)K x) = $ s (w) = gx, 

be left actions of G on B, and M, respectively. We say that G is a symmetry group 
of the control system (B, M, n, f) if the map ip : B —> TM intertwines the action 
on B and T$ on TM. In other words, G is a symmetry if, for every g G G, 

<p°e g = T$ 9 °y?. 

We consider here a special case in which all sections a G T(M,B) intertwine the 
action $ on M and the action 9 on B. In other words, we assume that 

<T°* g = e g o(T (3) 

for every er g T(M, B) and g G G. In this case all vector fields X G T are G-invariant. 
Thus, we are dealing with a control system on a manifold with symmetry in which 
all controls have the same symmetry. 

3 Reduction 

In this section we describe the control system obtained by symmetry reduction of a 
smooth nonlinear control system with symmetry. 

If the actions 9 and $ are free and proper, then orbit spaces B = B/G and 
M = M/G are quotient manifolds of B and M, respectively, with projection maps 
(3 : B — » B and /x : M — > M. Since the map 7r : B — > M intertwines the actions 9 
and <3>, it induces a map n : B ^ M such that 

H°n = 7f°/3. 
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Let if) = Tfi°ip : B -> TM. For every g eG, and w G -B, 

i;(gu) = T»(<p(G g u)) = T»(T$ g (<p(u)) = T^(u)) = 4>(u). 

Thus, ip is constant on orbits of G, and it pushes forward to a smooth map <p : B — > 
TM such that 

Tfi°ip = <p°fl. 

Proposition 1 The quadruple (B,M, tt, (p) is a smooth nonlinear control system. 

Proof. Since tt°/3 = fj,°ir, it follows that /5 _1 (-7f _1 (V r )) = ir~ 1 (fj,'~ 1 (V)) for every 
V CM. Hence, ^(V) = ^^{^{V)). 

Since the actions 9 and $ are free and proper, they introduce structure of a (left) 
G-principal fibre bundle on (3 : B — > B and fi : M — > M, respectively. Hence, for 
every x G M, there exists a neigbourhood V of x in M, such that = G xV. 

Let e denote the identity in G. Since 7r : B — > M is locally trivial, there exists a 
neighbourhood of x = (e,x) G C M of the form U x S^, where U is an open 

neigbourhood of e in G and S x is a slice through x for the action of G on M, such 
that 

7r -1 (t7 x S x ) = tt'^x) xU x S x . 

By shrinking V and S x , if necessary, we may assume that V = fJ,(S x ). This implies 
that 

tT 1 ^" 1 ^)) = 7r _1 (G x V) = 7r _1 (a:) x G x S x . 

Hence, 

7f _1 (y) = ^(tt -1 ^" 1 ^)) = /3(7r _1 (a:) x G x 4) = 7r _1 (a:) xS^ 7r _1 (a:) x V. 
Moreover, 

Tf- 1 ^) = {beB\ 7f(6) = = {G6 | 6 G -B, /3°tt(6) = rc} 
{(b',Gg',x) C 7r _1 (x) xGxS^'eG} 
= {(6',x) G 7r _1 (a;) x {rr}} = 7i-\x). 

This implies that 7f : B — > M is locally trivial. 

The map (p : B ^> TM satisfies Tfj,°ip = <p°(3. Hence, for each x G M, b E B x = 
7f _1 (:r), and 6 G we have 

£(&) = <p{/3{b)) = Tn{ip{b)) G Tn(T <h) M) C T Mw(b)) M = T,M 

because x = 7t(b) = 7f (//(&)) = ji{j(b)). This completes the proof. ■ 

Let T(M, B) denote a space of smooth sections a : M — > 5 of 7f : 5 — > M. For 
each cr G T(M,S), the composition X = f°a is a control vector field on M. As 
before, we obtain a family V of vector fields on M parametrized by a G T(M, £?). In 
other words, 

V — {X — <p°a | a G T(M, B)}. (4) 
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Proposition 2 For a free and proper action of G on M , given a vector field X on 
the orbit space M = M/G there exists a G-invariant vector field X on M such that 
X = fi*X . where fj, : M — > M is the orbit map. 

Proof. Let horTM be a connection on the principal G-bundle fi : M — > M. That 
is, horTM is a G-invariant distribution on M such that 

horTM © ker T/x = TM. 

Let X be the horizontal lift of X. In other words, X is a vector field on M with 
values in horTM such that X = fx*X. Since horTM is G-invariant, it follows that X 
is G-invariant. ■ 

It follows that the piece- wise linearization of the reduced smooth non-linear control 
system (B, M, 7f, (p) corresponds to a piece-wise linearization of the original smooth 
non-linear control system (B, M, 7r, <p) in terms of a family T> of G-invariant vector 
fields on M. 

If the actions 6 and $ are not free, the orbit spaces B and M need not be 
manifolds. If 6 and <E> are proper, then B and M are stratified spaces, [10]. Following 
Schwarz, [20], we define differential structures on B and M in terms of G-invariant 
smooth functions on B and M, respectively. More precisely, 

C°°(B) = {h: B ^R\h°[3 G C°°(B)}, 

and 

C°°(M) = {h : M -> R | h°n E C°°(M)}. 

The spaces B and M endowed with these differential structures are Hausdorff differ- 
ential spaces in the sense of Sikorski, [2SJ - In [0], it has been shown that orbit spaces 
of a proper action are differential spaces that are locally diffeomorphic to subsets of 
R n . Such spaces have been introduced by Aronszajn, [2], under the name of subcarte- 
sian spaces. In the appendix, we review properties of smooth subcartesian spaces 
following [26] . 

As in the case of a free and proper action, we have a smooth projection (3 : B —> M. 
In order to describe the mapping (p : B — > TM, we have to define what we mean 
here by the "tangent bundle space" of a subcartesian space. This problem has been a 
subject of many papers, see [T], g], [Ej, H3j, [Hj, 05], [TZ! , El, |2B|, E2j and 
references quoted there. Different notions of tangent vectors, which are equivalent on 
a manifold, are need not be equivalent in the case of a differential space. 

We begin with the Zariski tangent bundle space T Z M. For x G M, the Zariski 
tangent space TfM consists derivations at x of G°°(M). In other words, an element 
of Tf M is a linear map 

v : G°°(M) -> R : h i-> u • /i 

satisfying Leibniz' rule 

u • (/ii/i 2 ) = • hi)h 2 (x) + hi(x)(v ■ h 2 ) 
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for all h 1 ,h 2 e C°°{M). 

Vectors in TM act by derivation on G°°(M). If u G B, and x = tc(u), then 
<p(u) G T X M acts on / G C°°(M) by 

where t i— > c(t) is a curve in M such that c(0) = x and c(0) = y?(w). For every g G G, 

^(0 9M ) • / = rs^Oi)) • / = <p ■ %f = j t f($Mt))h=o. 

If / is G-invariant, then f°$> g = f, and <p(Q g u) ■ f = ip(u) ■ f for every g G G. In this 
case, <p(u) ■ f depends only on u = /3(u) G B. Since every G-invariant function on M 
is of the form f = h° fi, for a unique h G C°°(M ), we have a map <p : B — > T Z M such 
that 

^(«) • /i = ■ (5) 

for every /i G C°°(M), where u is any element of 

Before we can claim that (B, M, ft, (p) is the reduced control system, we have to 
examine the role played by tp and (p. In the preceding section, we have used the map 
p : B — >• TM to associate to a family T(M, B) of local sections of n : B — >• M a 
family P of locally defined vector fields on M. The definition of accessible sets of 
V is based on the fact that every vector field X gives rise to a local one-parameter 
group of local diffeomorphisms exp(tJf). By assumption, every section a G T(M,B) 
intertwines the actions of G on M and B, see equation Q. Hence, it gives rise to a 
local section a of ft : B —* M such that 

a°/3 = 

Moreover, the local vector field X = p°a is G-invariant. Hence, it gives rise to a local 
derivation X of G°°(M) such that, for every x G domainX and h G G°°(M) 

X(n(x))-h = X(x)-(h°n)- 

In this way we obtain a family V of local derivations of G°°(M). Moreover, for every 
X <E V and x G domainX, 

X{x) = p{a{x)). 

Hence, the assumption (j3J) implies that the family T(M, B) of local sections of 
ii : — > M gives rise to a family T(M, S) of local sections of ft : B — > M. Moreover, 
the family X> of local derivations of M is given by 

2? = {X = fff | a G r(M, 5)}. 

The question arises if local derivations X G V generate local one-parameter groups 
of local diffeomorphisms of M. Every local derivation of G°°(M) extends locally to a 
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global derivation of C°°(M), [2E]- However, not all global derivations of G°°(M) gen- 
erate local one-parameter groups of local diffeomorphisms of M. Global derivations 
of G°°(M) that generate local one-parameter groups of local diffeomorphisms of M 
are called in (2^1 vector fields on M, for details see Appendix. In the remainder of 
this section we show that all local derivations X G V are local vector fields on M in 
the sense that they generate local one-parameter groups of local diffeomorphisms of 
M. 

It follows from the existence of G-invariant partitions of unity for proper ac- 
tions, see [H|, that every locally defined G-invariant vector field X can be locally 
extended to a globally defined G-invariant vector field. In other words, for every 
x G domainX, there exists a neighbourhood U of x G M and a globally defined G- 
invariant vector field X' on M such that the restrictions to U of X and X' coincide, 
i.e. X\u = X!jj. Hence, vector fields in V are locally restrictions of globally defined 
G-invariant vector fields on M. Therefore, the local one-parameter group exp(iX) 
of local diffeomorphisms of domainX and the local one-parameter group exp(tX') of 
local diffeomorphisms of M coincide on U. 

By construction, a vector field X G V is the push-forward by /i of a vector field 
X G V. Since X is G-invariant, the local one-parameter group exp(tX) of local diffeo- 
morphisms of domainX C M generated by X preserves G-orbits in domainX. Hence, 
it induces a local one-parameter group exp(tX) of local transformations of the orbit 
space (domainX)/G = domainX. For every G-invariant function / G G°° (domainX), 
the pull-back exp(tX)*/ = f° exp(tX) is G-invariant. Hence, exp(tX)*h is smooth 
for every h G G°° (domainX). This implies that exp(tX) is a local one-parameter 
group of local diffeomorphisms of domainX. 

On the other hand, X' = /i*X' is a derivation of G°°(M) and it induces a local 
one-parameter group exp(tX') of local diffeomorphisms of M which coincides with 
exp(tX) on U = U/G. Moreover, for every point x G M there is a neighbourhood 
U of x in M, and a G-invariant vector field X' on M such that the above condition 
is satisfied. Hence, for every X G T>, the local one-parameter group exp(tX) of local 
diffeomorphisms of domainX is given locally by restrictions of local one-parameter 
groups of local diffeomorphisms of M. 

We denote by TM the set of values of all vector fields on M. In other words, for 
every x G M and v G T X M, there exists a global derivation X of G°°(M), generating a 
local one-parameter group exp(tX) of local diffeomorphisms of M such that X(x) = v. 
The discussion above implies that the map (p defined by equation (JHJ) has values in 
TM. We shall see in the next section that this property implies that orbit spaces of 
V are smooth manifolds. In the following, we write (p : B — > TM, and refer to the 
quadruple (B,M,TT,ip) as the reduced control system. 
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4 Generalized Sussmann's Theorem 



We prove here a generalization of Sussmann's Theorem, j3I3|, to subcartesian spaces. 

Let M be a subcartesian space and X(M) the family of all globally defined vector 
fields on M. In other words, X G X(M) if and only if X is a derivation of C°°(M) 
that generates a local one-parameter local group of diffeomorphisms of M. 

Theorem 3 Let V be a family of local vector fields on a subcartesian space M such 
that, for every X G T> and x G domainX, there exists a neighbourhood U of x and 
a vector field X' G X(M) such that Xp = XU. For each x G M the orbit N s of V 
through x, defined by 

N s = {exp(t n X n )°...°exp(t 1 X 1 ) | n G N, h,...,t n eR, Xi,...,X n GP} 

is a smooth manifold. 

Proof. For each Xj G V in the expression for N s , we can replace exp(tjXj) by 
exp(tjXj'), where X- G X(M). This implies that N s is contained in the orbit 

M- x = {exp{t n X' n )°..°exp{t 1 X[) \ n G N, t u t n G R, X[, X' n G X(M)} 

of X(M) passing through x. It has been proved in [26J that M s is a smooth manifold. 

Let XW,,. denote the family of local vector fields on M s obtained by the restriction 
to M s of local vector fields in V. We can write 

N s = {exp(t n X n )o...o e xp(tiXi) | n G N, h,...,t n G R, X u ...,X n G P|mJ- 

By Sussmann's Theorem, [201, -^s i s an immersed submanifold of M s . Hence, Xg is a 
smooth manifold. ■ 

5 Concluding remarks 

It follows from the discussion in the preceding sections that the notion of a smooth 
nonlinear control system (B, M, tc, (p) can be naturally extended to the case when the 
spaces B and M have singularities. Reduction of symmetries gives rise to stratified 
spaces with relatively mind singularities. However, as illustrated in the proof of 
Theorem 3, most of arguments used here are valid for subcartesian spaces. Since 
subcartesian spaces are locally diffeomorphic to arbitrary subsets of M n , it follows 
that allowable singularities are restricted only by finiteness of dimension. 
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6 Appendix: Differential spaces 



Differential spaces were introduced by Sikorski, [2 1 J , see also [22] and (2Hj. Their 
structure has been investigated by several authors, see [T], |3], [12], [TH], [TJ], [TK| . 
(EI, (13, [22|, [2HI, IHl and references quoted there. 

A differential structure on a topological space S is a family of functions C°°(S) 
satisfying the following conditions: 

2.1. The family 

{f- 1 ((a,b))\fEC 00 (S),a,bER} 
is a sub-basis for the topology of S. 

2.2. If A, /„ G C°°(S) and F G C°°(R»), then F(/ ls / n ) G 

2.3. If / : S — > R is such that, for every x G S, there exist an open neighbourhood 
U x of x and a function / x G C 00 (S') satisfying 

/a: I U x f I C^X) 

then / G C°°(S'). Here the vertical bar | denotes the restriction. 

A differential space is a topological space endowed with a differential structure. 
Let R andS are differential spaces with differential structures C°°(R) and C°°(S), 
respectively. A map p : R — > S is said to be smooth if p*f G C°°(R) for all / G C°°(S). 
A smooth map between differential spaces is a diffeomorphism if it is invertible and 
its inverse is smooth. 

Clearly, smooth manifolds are differential spaces. However, the category of differ- 
ential spaces is much larger than the category of manifolds. 

If R is a differential space with differential structure C°°(R) and S is a subset 
of i?, then we can define a differential structure C°°(S) on S as follows. A function 
/ : S — » R is in C°°(S) if and only if, for every x G S, there is an open neighborhood 
U of x in R and a function f x G C°°(R) such that f\{S(lU) = f x \(SnU). The 
differential structure C°°(S) described above is the smallest differential structure on 
S such that the inclusion map i : S — >• R is smooth. We shall refer to S with the 
differential structure C°°(S) described above as a differential subspace of R. If S is 
a closed subset of R, then the differential structure C°°(S) described above consists 
of restrictions to S of functions in C°°(R). 

A differential space R is said to be locally diffeomorphic to a differential space S 
if, for every x G i£, there exists a neighbourhood U of x diffeomorphic to an open 
subset V of 5. More precisely, we require that the differential subspace U of R be 
diffeomorphic to the differential subspace V of S. A differential space R is a smooth 
manifold of dimension n if and only if it is locally diffeomorphic to W 1 . 

A Hausdorff differential space that is locally diffeomorphic to a subset of W 1 is 
called a subcartesian space. The original definition of subcartesian space was given 
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by Aronszajn in terms of a singular atlas, [2|, see also[B], |14| and [13] ■ The 
characterization of subcartesian spaces used here can be found in [2I| and [2J- In 
the following we review properties of families of vector fields on subcartesian spaces. 
Proofs of theorems stated here can be found in [26] . 

Let S be a subcartesian space with a differential structure C°°(S). A derivation 
on C°°(S) is a linear map X : C°°(S) -> C°°(S) : / i-> X ■ f satisfying Leibniz' rule 

X-(f 1 f 2 ) = (X-f 1 )f 2 + f 1 (X-f 2 ). (6) 

We denote the space of derivations of C°°(S) by DerC°°(S). It has the structure of a 
Lie algebra with the Lie bracket [X l5 X 2 ] defined by 

[X 1 ,X 2 ]-f = X 1 -(X 2 .f)-X 2 -(X 1 -f) 

for every X h X 2 G DerC 00 (S) and / G C°°(S). 

A local diffeomorphism if of to itself is a diffeomorphism <p : U ^> V, where C/ 
and 1/ are open differential subspaces of S. For each / G C°°(S'), the restriction of / 
to V is in C°°(V), and = f°<p is in C°°(U). If <£>*/ coincides with the restriction 
of / to U, we say that / is 99-invariant, and write ip* f = f. For each X G Der(C°°(5')), 
the restriction of X to U is in Der(C°°(?7)), and the push-forward ip*X of X by <£> is 
a derivation of C°°(V r ) such that 

(<p*X) ■ (f I V) = <p- u (X ■ ( V *f)) for all / G C°°(S). (7) 

Since all functions in C°°(V) locally coincide with restrictions to V of functions in 
C°°(S'), equation determines tp*X uniquely. If tp*X coincides with the restriction 
of X to V, we say that X is ^-invariant and write ip*X = X. 

Let / be an interval in M. A smooth map c : I — > S : t 1— > x(t) is an integral curve 
of a derivation X if 

|/(x(t)) = (X-/)(x(t)) 

for all / G C°°(S) and t G /. 

Theorem 4 For ewery derivation X on a subcartesian space S and each point x G S , 
there exists a unique maximal integral curve c of X such that c(0) = x. 

Definition 5 A vector field on a subcartesian space S is a derivation X of C°°(S) 
such that translations along integral curves of X give rise to local diffeomorphisms of 
S. 

There is a simple criterion characterizing vector fields on a subcartesian space; namely, 

Theorem 6 A derivation X ofC°°(S) is a vector field on S if and only if the domains 
of maximal integral curves of X are open in IR. 
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If X is a vector field on S, we denote by exp(tX) the local one-parameter group of 
diffeomorphisms defined by X. If X{S) is a family of all vector fields on a subcartesian 
space S, the orbit S x of X(S) through x is given by equation In other words, 

S x = {exp(t„X„)o...°exp(t 1 X 1 ) | n G N, ti,...,t„ G R, X l5 ...,X n G 

Theorem 7 Zei ^(S 1 ) &e the family of all vector fields on a subcartesian space S . 
For each ifS, the orbit S x is a manifold, and the inclusion map S x S is smooth. 
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